Citation: White, M. ORCID: 0000-0002-7744-1993 and. Abstract. Low temperature organic Rankine cycles offer a promising technology for the generation of power from low temperature heat sources. Small-scale systems (~10kW) are of significant interest, however there is a current lack of commercially viable expanders. For a potential expander to be economically viable for small-scale applications it is reasonable to assume that the same expander must have the ability to be implemented within a number of different ORC applications. It is therefore important to design and optimise the cycle considering the component performance, most notably the expander, both at different thermodynamic conditions, and using alternative organic fluids. This paper demonstrates a novel modelling methodology that combines a previously generated turbine performance map with cycle analysis to establish at what heat source conditions optimal system performance can be achieved using an existing turbine design. The results obtained show that the same turbine can be effectively utilised within a number of different ORC applications by changing the working fluid. By selecting suitable working fluids, this turbine can be used to convert pressurised hot water at temperatures between 360K and 400K, and mass flow rates between 0.45kg/s and 2.7kg/s, into useful power with outputs between 1.5kW and 27kW. This is a significant result since it allows the same turbine to be implemented into a variety of applications, improving the economy of scale. This work has also confirmed the suitability of the candidate turbine for a range of low temperature ORC applications.
Introduction
The organic Rankine cycle (ORC) is a promising technology for the sustainable generation of power from a number of different heat sources such as solar energy, biomass, geothermal and waste heat. These applications cover an array of heat source temperatures ranging anywhere from 80°C to 300°C, whilst power outputs range from few kilowatts up to few megawatts. At present ORC technology has been successfully commercialised for large-scale applications [1,2]. For small scale applications the economy of scale and technical challenges such as the development of an efficient and economical expander restrict large scale implementation of the technology, although bespoke systems are available on the market [3, 4] . However, if these challenges can be overcome the implementation of small scale ORCs will be an interesting technology offering sustainable, localised power generation. Typically ORCs are characterised by the heat source temperature, and this significantly affects the thermodynamic cycle and expander design. High temperature heat sources such as exhaust gases from internal combustion engines require very high pressure ratios, which can only be achieved by a turboexpander such as those presented in [5, 6] . The relatively small enthalpy drop of organic fluids permits these pressure ratios to be achieved over a single stage, but at the expense of introducing supersonic flows within the stator and rotor passages. Comparatively, low temperature applications have lower pressure ratios, permitting the use of volumetric expanders, such as screw and scroll machines. However these expanders are typically obtained by the reverse operation of existing compressors, and therefore the achievable efficiency may be limited [7, 8] . Furthermore, at the target power of 10kW, screw expanders experience high leakage flows [9] , whilst scrolls are yet to be proven [10] . For a 10kW ORC utilising a low temperature heat source (100-120°C), the authors believe an efficient radial turbine would be the most suitable expander choice.
Thermodynamic cycle design and working fluid selection remain critical aspects of ORC, and this is highlighted by the abundance of research available on the topic [11] [12] [13] . Furthermore, due to the large number of interdependencies, the implementation of a suitable optimisation algorithm to arrive at an optimal system is essential [14] [15] [16] . At this point, it is important to make the distinction between two types of cycle design. The first type of design comprises of designing an optimal system for a particular application, allowing the thermodynamic cycle to be optimised assuming that each component performs at its design point. This simplifies the turbine modeling since the target efficiency can be specified; the turbine will then be effectively designed to achieve this. However, this approach may lead to a high cost, bespoke system that may not be economical to implement.
By comparison, the second type of cycle design considers optimising a group of existing components to generate the maximum power from a specified heat source. From the point of view of economic feasibility this may be beneficial for small-scale systems since the key component, the turbine, can be manufactured on a relatively large scale and then implemented into a range of different applications. For this second type of cycle design it is important to couple component models with cycle analysis to account for component off-design performance. In this instance the search for optimal cycle conditions may move the expander performance away from design conditions. Therefore it is critical to be able to accurately predict how the expander may preform, and the impact that operating at off-design will have on the cycle performance. At present, the assumption of constant turbine efficiency is a shortcoming within many thermodynamic papers.
The performance of a turbine is generally characterised by means of a turbine performance map plotting mass flow rate and efficiency as functions of pressure ratio and rotational speed. Similitude theory is then used to non-dimensionalise this map. Similitude theory has been successfully validated and is widely applied to ideal gases such as air [17] . With care it can also be used to estimate the performance following a change in working fluid, so long as the thermodynamic properties of the two fluids are not significantly different [18] . The application of similitude theory to ORC turbines has been considered by a number of authors [19] [20] [21] . However, this is often with reference to simplified non-dimensional parameters, which are only applicable to ideal gases. Until recent preliminary work published in the literature, the suitability of applying similitude theory to real gases such as organic fluids found within ORCs had not been investigated or validated.
Previous work has led to the thermodynamic design and optimisation of a candidate ORC turbine [22, 23] . The turbine performance at the design point has been validated using CFD, and the resulting performance map has been constructed. This paper demonstrates a modeling methodology that combines the validated turbine map with cycle analysis in a bid to establish the range of heat source conditions that can be converted into useful power using this candidate turbine. Through doing this, the aim of this paper is to confirm the suitability of implementing this existing design into a number of different ORC applications. Not only will this further validate this candidate turbine design, but it may also show how the economy of scale of small-scale ORC turbines can be improved by implementing the same turbine into a number of applications by changing the working fluid and cycle design parameters according to the heat source available.
Within this paper the details for the turbine and ORC models are summarised before the modeling methodology is demonstrated considering a test case. Having shown how the model can be used to obtain the optimal operating point for a given heat source temperature and working fluid, the model is ran for a range of heat source temperatures and working fluids and the range of potential applications for this candidate turbine is established.
Turbine modelling

Similitude theory
The performance of a turbomachine can be described by the isentropic enthalpy change across the turbine Δℎ ! , the power output ! , and the isentropic efficiency ! . These parameters are a function of the turbine diameter , rotational speed , mass flow rate ! , and the fluid stagnation speed of sound
After obtaining performance data for a given working fluid at particular inlet conditions, the nondimensional parameters can be calculated and the non-dimensional performance map constructed. Typically, for ideal gas applications the effect of Reynolds number is small and may be neglected [17] . In this instance a performance map describes how the flow coefficient and isentropic efficiency vary with changes in the head coefficient and blade Mach number. For changes in working fluid or turbine inlet conditions, it is assumed that the same values for the head coefficient, isentropic efficiency and power coefficient are obtained when the flow coefficient and blade Mach number remain constant. It is then a simple matter to determine the new performance data.
Preliminary analysis undertaken has shown that the same non-dimensional scaling laws may only be applied to real gases when the deviation in Reynolds number is not significant. This conclusion was obtained after comparing predictions made by the scaled performance map to those obtained using CFD. It was found that the predictions agreed with the CFD results to within +/-2% when the deviation in Reynolds number was between -75% and +75%. At deviations higher than +75%, it was found that accurate predictions were only made at subsonic conditions, at mass flow rates smaller than the choking mass flow rate. These results were found to hold true for different fluids, in addition to changes in the turbine inlet conditions. Combining the Reynolds number and blade Mach number results in an additional expression that relates only the thermodynamic properties (Equation 2). Provided that the same blade Mach number is maintained, this expression may be used to determine whether the deviation in Reynolds number is within the specified range. 
Candidate ORC turbine and performance map
Previous work has considered the thermodynamic analysis of a suitable low temperature ORC [22] , and this has led to the design of a candidate radial turbine operating with R245fa [23] . The thermodynamic specification and the design point operation parameters for the turbine are summarised in Table 1 . The data points required to construct the performance map data points were obtained using CFD, and these results were then curve fitted to generate the turbine performance maps shown in Figures 1 and 2 . Within the CFD real gas properties were accounted for by generating gas property tables using REFPROP; this is a program consisting of state-of-the-art equations of state for a large array of working fluids [24] . In Figure 1 and 2 the non-dimensional parameters in Equation 1 have been reduced to the head coefficient ( ℎ ! / ! ! ), the flow coefficient ( ! / ! ! ) and the rotational speed ( / ! ). This can be done since the diameter of the turbine does not change, although it should be noted that these parameters are no longer non-dimensional. The reduced rotational speeds considered range from 50% to 125% of the design value. Although operation at these extreme rotational speeds may be too far from the normal turbine operating point to be feasible, these speeds have been selected to extend the operating envelope for the purposes of analysis only. After completing the analysis the rotational speed should be verified to ensure it lies within a feasible range.
The range of applicability for the developed turbine map is established in Figure 3 . The relationship described by Equation 2 has been plotted over a range of turbine inlet temperatures and pressures. This clearly demonstrates that this turbine, operating with R245fa, is suitable for ORC applications with turbine inlet temperatures between approximately 315K and 375K. 
ORC modelling
To analyse the suitability of implementing the developed turbine to a number of different ORC applications, a thermodynamic model has been developed that establishes the range of heat source conditions that can effectively be converted into useful power. Since the main focus of this work is the turbine, it was deemed suitable to model a simple subcritical ORC without a regenerator. Not only does this simplify the analysis, but it was also considered an advantage in terms easing manufacture and reducing the overall cost of the system.
The complete thermodynamic analysis of the ORC is well covered within many research papers [11] [12] [13] , so the model will only be summarised here. The simple ORC model has been linked with REFPROP for real fluid properties. The T-s diagram for the ORC is shown in Figure 4 , along with the notation used throughout this paper. Assuming that the working fluid enters the pump as a saturated liquid all thermodynamic properties at the pump inlet are determined by the input condensation temperature ! . The pump outlet conditions are then specified by the input ORC pressure ratio PR, and isentropic pump efficiency ! .
Neglecting pressure drops through the evaporator the working fluid properties at locations 2' (saturated liquid) and 3' (saturated vapour) are also known whilst an input value for the amount of superheat !" , and evaporator pinch point PP ! then provide the ORC conditions at the evaporator outlet (3), and the heat source conditions at the pinch point (hp) respectively. An energy balance then provides the ratio of working fluid mass flow rate ! , to the heat source mass flow rate ! .
For the specified ORC cycle conditions the isentropic enthalpy drop across the turbine, and therefore the reduced head coefficient ( ℎ ! / ! ! ) can now be established. Using Figure 1 this supplies the minimum and maximum flow coefficients, which correspond to 125% and 50% of the design nondimensional rotational speed respectively. From this the physical limits for the working fluid mass flow rate are easily obtained. An array of mass flow rates ranging from the minimum to the maximum is then constructed and for each mass flow rate the flow coefficient is calculated and the reduced rotational speed is obtained through interpolation of Figure 1 . Similarly, the reduced head coefficient and reduced rotational speed supplies the turbine isentropic efficiency ! for each flow coefficient through interpolation of Figure 2 . The deviation in Equation 2 from the value associated with the details in Table 1 is also calculated, to ensure that it lies within the -75% and +75% limits. After this, the working fluid properties at the turbine outlet are then determined using Equation 5 . The heat source mass flow rate also follows from Equation 4. The result of this is that for a specified thermodynamic ORC cycle, there is a range of mass flow rates that can be achieved each with a different turbine isentropic efficiency.
An energy balance within the condenser completes the cycle analysis. Again, neglecting pressure drops the working fluid properties at 4' (saturated vapour) are known, whilst the condenser pinch point PP ! supplies the heat sink properties at the pinch point (cp). An energy balance then provides the required heat sink flow rate ! (Equation 6). Having completed the cycle analysis, the performance of the cycle is assessed in terms of the net power produced ! , and the cycle efficiency ! (Equation 7).
In addition to assessing the cycle performance, an additional parameters has been introduced that compares the net power to the maximum net power that could be produced using the same heat source with a turbine operating at an optimal efficiency of 85%. For fixed values of ! , !" , PP ! , with a fixed heat source temperature and mass flow rate, there exists an optimal pressure ratio at which optimal power can be produced. The top graph in Figure 5 shows this optimal pressure ratio, and corresponding maximum power for a range of heat sources with a fixed mass flow rate of 1.0kg/s. The bottom graph shows that for a fixed temperature, the optimal pressure ratio remains fixed, although the net power increases linearly with mass flow rate. Therefore using the input heat source temperature and the heat source flow rate calculated using Equation 4 , and assuming ! , !" and PP ! remain constant, the maximum potential power can be obtained using Figure 5 . It should be noted that for this maximum a turbine efficiency of 85% has been selected since this was considered to be an achievable target for design point efficiency. When comparing the actual net power to the maximum power, if the actual power is greater, this is the result of the turbine actually operating at a slightly higher efficiency than 85%. 
Results and discussion
To first demonstrate the ORC modelling methodology, the operation of the turbine has been considered for a heat source temperature consisting of pressurised water at 380K and 400kPa, whilst the ORC working fluid is R245fa. Throughout this paper, the values for ! , PP ! , PP ! , !" and ! have all been fixed. This is because the focus here is on the turbine performance so the impact of variations in the pump and heat exchanger performance, although important, have been neglected. ! and PP ! largely dictate the required condenser area and the heat sink mass flow rate. The heat sink temperature is estimated to be 288K, whilst values of ! = 313K and PP ! = 10K have been selected which corresponds to an approximate 15K rise in the heat sink temperature through the condenser. The value for PP ! has been estimated to be 15K; both the evaporator and the condenser pinch points dictate the size of the heat exchangers, and represent a trade-off between performance and cost. The values selected have been found to provide a reasonable balance between these two aspects. It has been widely shown in the literature that superheating is not necessary for organic fluids since expansion from saturated vapour generally ends in the superheated region due to the slope of the saturated vapour curve. Therefore a small value of 2K has been selected just to ensure that the fluid is fully vaporised before entry into the turbine. Since the pump work is much smaller than the turbine work the impact of variations in pump efficiency are expected to be negligible; therefore the pump efficiency is assumed to be constant at 70%.
Using these fixed inputs the methodology outlined in Section 4 was implemented for a range of pressure ratios, with a range of possible working fluid mass flow rates being established at each pressure ratio. The result is a performance map that shows how the net power produced (as a percentage of the maximum potential power) varies with pressure ratio and ORC working fluid mass flow rate (Figure 6 ). The black lines indicate the heat source mass flow rate in kg/s. This figure is useful in that for a specified heat source at a known temperature and mass flow rate it is easy to assess the feasibility of using the given turbine. For example, if the heat source mass flow rate is close to 1.0kg/s, it is easy to see that at a pressure ratio of approximately 2.2 the turbine efficiency is high and 100% of the maximum potential net power that could be produced using this heat source can be achieved by the cycle. However as the mass flow rate increases or decreases, the performance of the turbine deteriorates leading to a lower percentage of the maximum potential power being produced. For these heat source mass flow rates an alternative turbine may offer better performance, and further analysis would be required to establish whether the improved performance would be worth the increased costs associated with implementing a different design. None the less, it appears that for a heat source of 380K with a mass flow rate between 0.7kg/s and 1.2kg/s a reasonable performance can be achieved with this existing design operating with R245fa. For these flow rates the net power produced should remain above 90% of the maximum potential power. Having demonstrated the modelling methodology it is now suitable to extend the analysis to provide more useful results. Figure 6 only applies at one heat source temperature, and for one working fluid. Therefore the same method has been completed at three different heat source temperatures and for a variety of working fluids. The intention is that at each combination of heat source temperature and working fluid the optimal operating point can be determined. Referring to Figure 6 , the optimal operating point for that particular setup has been shown as black dot. This is the point at which the net power produced is the highest percentage of the maximum potential power. Therefore, by completing this analysis the optimal heat source mass flow rate for a given combination of heat source temperature and working fluid will be established. Through doing this the range of heat sources that can be effectively converted into useful power using this turbine will therefore also be established.
The three heat source temperatures selected for this study are 360K, 380K and 400K. These temperatures were considered to span the range that could be effectively converted into power using this turbine. Below 360K the cycle efficiency would reduce significantly impacting the economic feasibility of such a system. In comparison, above 400K the pressure ratio increases, increasing the likelihood of supersonic flows. For these applications it would be more suitable to implement a turbine specifically designed for supersonic operation. An initial review of screening studies resulted in 50 potential fluids. However, after considering suitable operating conditions, the evaporation and condensation pressures were estimated. Fluids with sub-atmospheric condensation pressures or supercritical evaporation pressures were neglected. Common refrigerant mixtures were neglected as these were found to have high saturation pressures, near critical evaporator pressures or negative gradient saturated vapour domes. The values for ! , PP ! , PP ! , !" and ! were again fixed, and the simulation model was run for each heat source temperature and working fluid. The optimal operating point for each combination of heat source temperature and mass flow rate was established and the resulting heat source mass flow rates and net powers produced are shown in Figure 7 . accommodated by using this turbine. For example, for a heat source temperature of 400K the same turbine can effectively convert a heat source ranging from 0.47kg/s to 1.65kg/s by simply changing the working fluid that operates within the cycle. The resulting power output ranges from 7.03kW up to 26.16kW. It should also be pointed out that across all of the operating points shown in Figure 7 , the location of the optimal point (as previously described in Figure 6 ) is consistently close to 100% of the maximum potential power, with a corresponding turbine isentropic efficiency close to 85%. This confirms that at the corresponding heat source conditions, the ORC is operating at the optimal pressure ratio, and that this pressure ratio corresponds to the optimal head coefficient for the candidate turbine. In other words, for the same heat source conditions it would be unlikely that designing a new turbine would offer much improvement on the turbine, and therefore cycle, performance.
In terms of the turbine rotational speed it is interesting to note that as the heat source temperature increases, the non-dimensional speed at which optimal performance is obtained also increases. For a heat source temperature of 360K, all of the optimal points in Figure 7 correspond to non-dimensional rotational speeds between 60% and 80% of the design value. For the 380K and 400K cases this increases to between 80% and 100%, and 100% and 120% of the design speed respectively. This suggests that below 360K and above 400K, the non-dimensional speed would move outside practical limits for this turbine, therefore confirming the heat source temperatures selected for this study.
Overall, an interesting result of Figure 7 is that this analysis suggests that the same turbine may be utilised within a number of different ORC applications by selecting a suitable working fluid. This allows the same turbine to be produced on a relatively large scale, improving the economic feasibility of the system. When supplied with a specific heat source of a known temperature and mass flow rate, Figure 7 can be used to indicate the most appropriate working fluid that will allow the turbine to operate most effectively, therefore producing the maximum power.
Conclusion
This paper has extended work on the development of a radial turbine for low temperature ORC applications by combining a turbine's performance map with a thermodynamic analysis of the cycle. When supplied with a particular heat source temperature, this model has been used to establish the range of heat source mass flow rates that can be effectively converted into power using an ORC that incorporates this existing turbine design. It has been shown that when provided with a particular heat source temperature and working fluid there is an optimal heat source mass flow rate that can be accommodated by this design. This fact has been used to show that the same turbine can be effectively utilised within a range of different ORC applications, simply by changing the working fluid. This is a significant result, since it allows the same turbine design to be produced on a relatively large scale, but implemented into a variety of applications, improving the economy of scale. The results indicate that the examined turbine can be used for heat source temperatures ranging from 360K to 400K, with mass flow rates between 0.45kg/s and 2.7kg/s. The resulting power output ranges between 1.5kW and 27kW, depending on the working fluid selected.
